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ABSTRACT
This paper develops an alpha-cut framework for four classical graph parameters on
finite undirected fuzzy graphs: tree-width, tree-length, tree-depth, and tree-breadth.
Each parameter is evaluated on the crisp graph obtained at a positive membership
threshold, and its profile is integrated over [0, 1]. We show that these profiles are
bounded step functions and obtain exact finite-sum formulas for the integrated pa-
rameters. We establish threshold monotonicity for width and depth, crisp reduction,
and inequalities connecting the integrated length and breadth parameters. A strength-
ened width–depth inequality explicitly accounts for themaximum vertex-membership
degree. We also examine fuzzy decision trees under a normalized product-routing
model. For a graph induced by test-node activations and ancestor relations, we de-
rive exact expressions for integrated width and depth and establish bounds involving
soft path length. Compatible feature-interaction hierarchies provide further structural
bounds. These findings distinguish alpha-cut aggregation from fuzzy-bag approaches
and characterize its relationship to selected decision-tree structures without making
claims about predictive performance.

1. Introduction
1.1 Fuzzy Graphs and Alpha-Cut Representations

Classical graphs represent adjacency as a binary relation, whereas many relational descriptions
also involve graded or uncertain information. Fuzzy sets provide a standard mathematical framework
for graded membership: a membership function assigns each element a value in [0, 1] [1]. Related
models include intuitionistic fuzzy sets [2, 3] and neutrosophic sets [4, 5]. Further extensions and
generalizations, including Plithogenic Sets [6, 7], have also been developed.

In graph theory, fuzzy graphs assign membership degrees to vertices and edges, subject to compati-
bility conditions in the model considered here [8, 9, 10]. Other uncertainty frameworks have motivated
related graph structures, including intuitionistic fuzzy and neutrosophic graphs [3, 11, 12, 13, 14]. The
present study focuses on finite undirected fuzzy graphs with vertex membership 𝜎 and edge member-
ship 𝜇, where 𝜇(𝑢𝑣) ≤ min{𝜎(𝑢), 𝜎(𝑣)}. Related concepts, including Fuzzy HyperGraphs [15, 16]
and Fuzzy SuperHyperGraphs [17], have also been studied.

For each 𝛼 ∈ (0, 1], the 𝛼-cut retains exactly the vertices and edges whose membership values are
at least 𝛼. These cuts form a nested family of ordinary graphs. Unlike the support graph, which records
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only positive membership, the family of 𝛼-cuts retains information about where the graph changes as
the threshold varies. Because the underlying fuzzy graph is finite, only finitely many distinct positive
membership levels need to be considered when integrating a graph-parameter profile.
1.2 Tree Parameters and Fuzzy Decision Trees

Tree-decompositions describe a graph through overlapping vertex bags indexed by a tree. Tree-
Width minimizes the largest bag size minus one [18, 19, 20], whereas Path-Width imposes a path
structure on the decomposition [21, 22]. Tree-Length and Tree-Breadth measure metric properties of
decomposition bags using graph distances and covering radii, respectively [23, 24]. Tree-Depth is
defined through minimum-height rooted forests whose closures contain the graph [25]. Other decom-
position or layout parameters, such as Hypertree-Width, Branch-Width, Rank-Width, and MIM-Width,
study different aspects of graph structure [26, 27, 28, 29, 30].

Existing fuzzy-bag approaches placemembership degrees directly into tree-decomposition bags and
the associated width measures [31, 32]. By contrast, we retain the classical parameters, evaluate them
on every positive 𝛼-cut, and integrate their profiles. This gives one threshold-based treatment of Tree-
Width, Tree-Length, Tree-Depth, and Tree-Breadth. We distinguish the monotonicity results for width
and depth from those for the metric parameters: the distances used by Tree-Length and Tree-Breadth
may change when the threshold changes.

Decision Trees are hierarchical models that recursively partition data using feature-based condi-
tions, supporting classification or regression through successive decisions at internal nodes [33, 34].
Fuzzy Decision Trees provide another motivation for considering structural and hierarchical quantities
under graded membership. Such models use fuzzy branch memberships for classification or inference
[35, 36]. Related concepts, including Neutrosophic Decision Trees, have also been investigated [37,
38]. Their operational depth, however, is not identical to the graph-theoretic Tree-Depth parameter.
To make this distinction precise, we construct a fuzzy graph whose vertices are occurrences of inter-
nal test nodes and whose memberships are determined by normalized product-routing activations. We
also consider rooted forests compatible with the support graph of a fuzzy feature-interaction structure.
These constructions yield mathematical relations between tree parameters and selected decision-tree
hierarchies, without presupposing bounds on classification accuracy or computational cost.

The two approaches to fuzzy decomposition parameters are compared in Table 1.

Table 1
Comparison of fuzzy-bag and alpha-cut viewpoints for tree parameters.

Aspect Fuzzy-bag viewpoint Alpha-cut viewpoint
Membership treatment Membership values are incorpo-

rated directly into fuzzy bags or
graded bag-membership conditions.

Membership values determine the
family of crisp threshold graphs
{𝐺𝛼}𝛼∈ (0,1] .

Underlying decomposition A fuzzy tree-decomposition is con-
sidered directly.

An ordinary classical parameter is
evaluated separately on each 𝐺𝛼.

Threshold profile A threshold profile is not the defin-
ing object of the formulation.

The function 𝛼 ↦→ 𝑝(𝐺𝛼) is an ex-
plicit primary object.

Scalar summary Depends on the particular fuzzy-bag
formulation.

The threshold profile is integrated
over [0, 1] to obtain a scalar sum-
mary.

1.3 Our Contributions
This paper establishes the following results for finite undirected fuzzy graphs and the specified

decision-tree constructions:

• We introduce alpha-cut profiles and their integrated counterparts for Tree-Width, Tree-Length,
Tree-Depth, and Tree-Breadth.
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• We show that all four profiles are bounded step functions and derive exact finite-sum expressions
over the distinct membership levels (Theorems 4.1 and 4.2).

• We establish threshold monotonicity for width and depth, inequalities relating Tree-Length to
Tree-Breadth, and crisp reduction (Theorems 4.4 and 4.5).

• We strengthen the integrated width–depth comparison by accounting for the maximum vertex-
membership degree (Theorem 5.10).

• For normalized product-routing Fuzzy Decision Trees, we define an induced fuzzy graph and
obtain exact integrated width and depth formulas, together with soft path-length bounds (Theo-
rem 5.3 and Corollary 5.4).

• We derive additional structural bounds from feature-interaction-compatible rooted forests (The-
orem 5.8) and illustrate the effect of membership levels on the integrated parameters.

2. Preliminaries
Throughout the paper, all graphs are finite, undirected, and loopless unless stated otherwise.

2.1 Fuzzy Graphs, Support Graphs, and Alpha-Cuts
A fuzzy graph assigns membership degrees in [0, 1] to vertices and edges, with each edge degree

bounded by the membership degrees of its endpoints. The support graph retains precisely those vertices
and edges with positive membership degrees. An 𝛼-cut graph retains those vertices and edges whose
membership degrees are at least a specified positive threshold.

Definition 2.1 (Finite Undirected Fuzzy Graph). [8, 10] A finite undirected fuzzy graph is a triple

𝐺 = (𝑉, 𝜎, 𝜇),

where 𝑉 is a finite set,
𝜎 : 𝑉 −→ [0, 1]

is the vertex-membership function, and

𝜇 :
(
𝑉

2

)
−→ [0, 1]

is the edge-membership function satisfying

𝜇(𝑢𝑣) ≤ min{𝜎(𝑢), 𝜎(𝑣)}

for every 𝑢𝑣 ∈
(𝑉
2
)
.

Definition 2.2 (Support Graph and Alpha-Cut Graph). Let

𝐺 = (𝑉, 𝜎, 𝜇)

be a finite undirected fuzzy graph. Define

𝑉+ = {𝑣 ∈ 𝑉 : 𝜎(𝑣) > 0}

and
𝐸+ =

{
𝑢𝑣 ∈

(
𝑉+

2

)
: 𝜇(𝑢𝑣) > 0

}
.

53



Fuzzy Analytics Spectrum

Volume 1, Issue 1 (2026) 51-69

The graph
𝐺+ = (𝑉+, 𝐸+)

is called the support graph of 𝐺.
For each 𝛼 ∈ (0, 1], define

𝑉𝛼 = {𝑣 ∈ 𝑉 : 𝜎(𝑣) ≥ 𝛼}
and

𝐸𝛼 =

{
𝑢𝑣 ∈

(
𝑉𝛼
2

)
: 𝜇(𝑢𝑣) ≥ 𝛼

}
.

The graph
𝐺𝛼 = (𝑉𝛼, 𝐸𝛼)

is called the 𝛼-cut graph of 𝐺.

Remark 2.3. The compatibility condition

𝜇(𝑢𝑣) ≤ min{𝜎(𝑢), 𝜎(𝑣)}

ensures that 𝜇(𝑢𝑣) ≥ 𝛼 implies 𝑢, 𝑣 ∈ 𝑉𝛼. Hence every 𝛼-cut graph is well-defined. Moreover, if

0 < 𝛼 ≤ 𝛽 ≤ 1,

then
𝐺𝛽 ⊆ 𝐺𝛼 .

2.2 Classical Tree Parameters
We recall the classical tree parameters used in the alpha-cut constructions. A tree-decomposition

represents a graph by vertex bags arranged in a tree, satisfying vertex coverage, edge coverage, and
connectedness conditions [19, 20]. Tree-width measures how tree-like a graph is by minimizing the
maximum bag size minus one over all tree-decompositions [39, 40, 41].

Definition 2.4 (Tree-Decomposition and Tree-Width). Let 𝐻 be a finite graph. A tree-decomposition
of 𝐻 is a pair

T =
(
𝑇, {𝑋𝑡}𝑡∈𝑉 (𝑇)

)
,

where 𝑇 is a tree and each 𝑋𝑡 ⊆ 𝑉 (𝐻), such that:
1. for every 𝑣 ∈ 𝑉 (𝐻), the set

{𝑡 ∈ 𝑉 (𝑇) : 𝑣 ∈ 𝑋𝑡}
is nonempty and induces a connected subtree of 𝑇 ;

2. for every 𝑢𝑣 ∈ 𝐸 (𝐻), there exists 𝑡 ∈ 𝑉 (𝑇) such that

{𝑢, 𝑣} ⊆ 𝑋𝑡 .

The width of T is
width(T ) = max

𝑡∈𝑉 (𝑇)
|𝑋𝑡 | − 1,

and the Tree-Width of 𝐻 is
tw(𝐻) = min

T
width(T ).

We set tw(∅) = 0 for the alpha-cut framework.
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For a possibly disconnected finite graph 𝐻, let 𝑑𝐻 denote the extended shortest-path distance, with

𝑑𝐻 (𝑢, 𝑣) = ∞

when 𝑢 and 𝑣 lie in different connected components. For notational convenience, we set

diam𝐻 (∅) = 0.

For a nonempty graph, this convention is harmless because empty bags can be deleted from a tree-
decomposition without affecting the decomposition conditions or any minimum considered below.

Definition 2.5 (Tree-Length). [23] For a nonempty set 𝑋 ⊆ 𝑉 (𝐻), define

diam𝐻 (𝑋) = max
𝑢,𝑣∈𝑋

𝑑𝐻 (𝑢, 𝑣).

For a tree-decomposition
T =

(
𝑇, {𝑋𝑡}𝑡∈𝑉 (𝑇)

)
of 𝐻, define

len𝐻 (T ) = max
𝑡∈𝑉 (𝑇)

diam𝐻 (𝑋𝑡).

The Tree-Length of 𝐻 is
tl(𝐻) = min

T
len𝐻 (T ).

We set tl(∅) = 0.

Definition 2.6 (Tree-Depth). [25] Let 𝐹 be a rooted forest. Its closure clos(𝐹) is the graph on 𝑉 (𝐹) in
which two distinct vertices are adjacent whenever one is an ancestor of the other in 𝐹. Let ℎ(𝐹) be the
maximum number of vertices on a root-to-leaf path in 𝐹. The Tree-Depth of a nonempty graph 𝐻 is

td(𝐻) = min {ℎ(𝐹) : 𝐻 ⊆ clos(𝐹), 𝑉 (𝐹) = 𝑉 (𝐻)} .

We set td(∅) = 0.

Definition 2.7 (Tree-Breadth). [24] We set rad𝐻 (∅) = 0. For a nonempty set 𝑋 ⊆ 𝑉 (𝐻), define its
radius in 𝐻 by

rad𝐻 (𝑋) = min
𝑐∈𝑉 (𝐻)

max
𝑣∈𝑋

𝑑𝐻 (𝑐, 𝑣).

Equivalently, rad𝐻 (𝑋) is the least 𝑟 ≥ 0 for which there exists 𝑐 ∈ 𝑉 (𝐻) satisfying

𝑋 ⊆ 𝐵𝐻 (𝑐, 𝑟), 𝐵𝐻 (𝑐, 𝑟) = {𝑣 ∈ 𝑉 (𝐻) : 𝑑𝐻 (𝑐, 𝑣) ≤ 𝑟}.

For a tree-decomposition
T =

(
𝑇, {𝑋𝑡}𝑡∈𝑉 (𝑇)

)
of 𝐻, define

breadth𝐻 (T ) = max
𝑡∈𝑉 (𝑇)

rad𝐻 (𝑋𝑡).

The Tree-Breadth of 𝐻 is
tb(𝐻) = min

T
breadth𝐻 (T ).

We set tb(∅) = 0.

Remark 2.8. The use of the extended distance causes no difficulty for disconnected finite graphs. A
tree-decomposition may be formed componentwise and the corresponding decomposition trees may
then be joined by arbitrary tree edges without changing any bag. Thus Tree-Length and Tree-Breadth
remain finite.
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3. Alpha-Cut Fuzzy Tree Parameters
This section introduces threshold profiles and their integrated scalar summaries. A profile records

the value of a classical graph parameter at every positive membership threshold, while its integral
aggregates that profile into a single real-valued summary.

Throughout this section, whenever a profile defined on (0, 1] is integrated over [0, 1], it is extended
to 𝛼 = 0 by assigning the value 0 there. Changing the value at this single point does not affect the
Riemann integral. We deliberately do not define a 0-cut graph by the condition 𝜇(𝑢𝑣) ≥ 0, since that
convention would include zero-membership pairs as edges.
3.1 Alpha-Cut Fuzzy Tree-Width

Alpha-Cut Fuzzy Tree-Width evaluates ordinary tree-width at each positive threshold and integrates
the resulting profile. This definition is distinct from the fuzzy-bag construction discussed in [32].

Definition 3.1 (Alpha-Cut Fuzzy Tree-Width). Let𝐺 = (𝑉, 𝜎, 𝜇) be a finite fuzzy graph. The alpha-cut
Fuzzy Tree-Width profile is the function

FTW𝐺 : (0, 1] −→ R≥0

defined by
FTW𝐺 (𝛼) = tw(𝐺𝛼).

The corresponding integrated alpha-cut Fuzzy Tree-Width is

IFTW(𝐺) =
∫ 1

0
tw(𝐺𝛼) 𝑑𝛼.

3.2 Alpha-Cut Fuzzy Tree-Length
Alpha-Cut Fuzzy Tree-Length evaluates tree-length at each threshold level and integrates the profile

to summarize metric decomposition complexity across thresholds.

Definition 3.2 (Alpha-Cut Fuzzy Tree-Length). Let 𝐺 = (𝑉, 𝜎, 𝜇) be a finite fuzzy graph. The alpha-
cut Fuzzy Tree-Length profile is

FTL𝐺 (𝛼) = tl(𝐺𝛼), 𝛼 ∈ (0, 1] .

The corresponding integrated alpha-cut Fuzzy Tree-Length is

IFTL(𝐺) =
∫ 1

0
tl(𝐺𝛼) 𝑑𝛼.

3.3 Alpha-Cut Fuzzy Tree-Depth
Alpha-Cut Fuzzy Tree-Depth evaluates tree-depth at each threshold level and integrates the profile

to summarize hierarchical complexity across thresholds.

Definition 3.3 (Alpha-Cut Fuzzy Tree-Depth). Let𝐺 = (𝑉, 𝜎, 𝜇) be a finite fuzzy graph. The alpha-cut
Fuzzy Tree-Depth profile is

FTD𝐺 (𝛼) = td(𝐺𝛼), 𝛼 ∈ (0, 1] .
The corresponding integrated alpha-cut Fuzzy Tree-Depth is

IFTD(𝐺) =
∫ 1

0
td(𝐺𝛼) 𝑑𝛼.
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3.4 Alpha-Cut Fuzzy Tree-Breadth
Alpha-Cut Fuzzy Tree-Breadth evaluates tree-breadth at each threshold level and integrates the

profile to summarize metric covering complexity across thresholds.

Definition 3.4 (Alpha-Cut Fuzzy Tree-Breadth). Let𝐺 = (𝑉, 𝜎, 𝜇) be a finite fuzzy graph. The alpha-
cut Fuzzy Tree-Breadth profile is

FTB𝐺 (𝛼) = tb(𝐺𝛼), 𝛼 ∈ (0, 1] .

The corresponding integrated alpha-cut Fuzzy Tree-Breadth is

IFTB(𝐺) =
∫ 1

0
tb(𝐺𝛼) 𝑑𝛼.

3.5 Illustrative Example
The following elementary example shows how the integrated parameters can retain threshold infor-

mation that is invisible in the support graph.

Example 3.5. Let
𝑉 = {𝑎, 𝑏, 𝑐}, 𝜎(𝑎) = 𝜎(𝑏) = 𝜎(𝑐) = 1,

and fix 𝜀 ∈ (0, 1). Define
𝜇(𝑎𝑏) = 𝜇(𝑏𝑐) = 1, 𝜇(𝑎𝑐) = 𝜀.

Then the support graph is 𝐾3, whereas

𝐺𝛼 =

{
𝐾3, 0 < 𝛼 ≤ 𝜀,
𝑃3, 𝜀 < 𝛼 ≤ 1.

Using
tw(𝐾3) = 2, tw(𝑃3) = 1, td(𝐾3) = 3, td(𝑃3) = 2,

and
tl(𝐾3) = tl(𝑃3) = 1, tb(𝐾3) = tb(𝑃3) = 1,

we obtain
IFTW(𝐺) = 1 + 𝜀, IFTD(𝐺) = 2 + 𝜀,

and
IFTL(𝐺) = IFTB(𝐺) = 1.

Thus, even though the support graph is always 𝐾3, changing the positive membership value 𝜀 changes
the integrated Tree-Width and Tree-Depth. Hence these integrated quantities are not determined by the
support graph alone.

4. Basic Properties
We establish well-definedness, finite-sum formulas, threshold monotonicity, structural inequalities,

and crisp reduction for the alpha-cut parameters.

Theorem 4.1 (Well-Definedness). For every finite fuzzy graph 𝐺, the four profile functions

FTW𝐺 , FTL𝐺 , FTD𝐺 , FTB𝐺
are bounded step functions on (0, 1]. Consequently,

IFTW(𝐺), IFTL(𝐺), IFTD(𝐺), IFTB(𝐺)

are finite and well-defined real numbers.
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Proof. Let

Λ = {𝜎(𝑣) : 𝑣 ∈ 𝑉} ∪
{
𝜇(𝑢𝑣) : 𝑢𝑣 ∈

(
𝑉

2

)}
∪ {0, 1}.

Because 𝑉 is finite, Λ is finite. The vertex set 𝑉𝛼 and edge set 𝐸𝛼 can change only when 𝛼 crosses a
value in Λ. Hence 𝐺𝛼 is constant on each open interval between two consecutive distinct values of Λ.
Each of the four profile functions is therefore a step function with only finitely many discontinuities.

For every 𝛼, the graph 𝐺𝛼 is finite. Thus its Tree-Width and Tree-Depth are finite. Its Tree-Length
and Tree-Breadth are also finite by the componentwise decomposition observation above. Therefore
all four profiles are bounded nonnegative functions with finitely many discontinuities. Under the 𝛼 = 0
convention stated above, they are Riemann integrable on [0, 1], and their integrals are consequently
finite and well-defined. □

Theorem 4.2 (Finite-Sum Representation). Let

Λ = {𝜎(𝑣) : 𝑣 ∈ 𝑉} ∪
{
𝜇(𝑢𝑣) : 𝑢𝑣 ∈

(
𝑉

2

)}
∪ {0, 1},

and write its distinct elements in increasing order as

0 = 𝜆0 < 𝜆1 < · · · < 𝜆𝑚 = 1.

For any
𝑝 ∈ {tw, tl, td, tb} ,

define

𝐼𝑝 (𝐺) =
∫ 1

0
𝑝(𝐺𝛼) 𝑑𝛼.

Then

𝐼𝑝 (𝐺) =
𝑚∑
𝑖=1

(𝜆𝑖 − 𝜆𝑖−1) 𝑝(𝐺𝜆𝑖 ).

In particular,
𝐼tw = IFTW, 𝐼tl = IFTL, 𝐼td = IFTD, 𝐼tb = IFTB .

Proof. For every 𝑖 ∈ {1, . . . , 𝑚} and every 𝛼 ∈ (𝜆𝑖−1, 𝜆𝑖], there is nomembership value strictly between
𝜆𝑖−1 and 𝜆𝑖. Hence a vertex or edge belongs to 𝐺𝛼 exactly when it belongs to 𝐺𝜆𝑖 , and therefore

𝐺𝛼 = 𝐺𝜆𝑖 .

Thus 𝑝(𝐺𝛼) is constant on each interval (𝜆𝑖−1, 𝜆𝑖]. Integrating these finitely many constant pieces gives∫ 1

0
𝑝(𝐺𝛼) 𝑑𝛼 =

𝑚∑
𝑖=1

(𝜆𝑖 − 𝜆𝑖−1) 𝑝(𝐺𝜆𝑖 ),

as claimed. □

Proposition 4.3 (Threshold Monotonicity for Width and Depth). Let 𝐺 be a finite fuzzy graph and let

0 < 𝛼 ≤ 𝛽 ≤ 1.

Then
FTW𝐺 (𝛽) ≤ FTW𝐺 (𝛼)

and
FTD𝐺 (𝛽) ≤ FTD𝐺 (𝛼).
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Proof. Since 𝛼 ≤ 𝛽, the threshold construction gives

𝐺𝛽 ⊆ 𝐺𝛼 .

Tree-Width and Tree-Depth are monotone under taking subgraphs. Hence

tw(𝐺𝛽) ≤ tw(𝐺𝛼)

and
td(𝐺𝛽) ≤ td(𝐺𝛼),

which proves the stated inequalities. □

Theorem 4.4 (Structural Inequalities). For every finite fuzzy graph 𝐺 and every 𝛼 ∈ (0, 1],

FTB𝐺 (𝛼) ≤ FTL𝐺 (𝛼) ≤ 2 FTB𝐺 (𝛼)

and
FTW𝐺 (𝛼) ≤ FTD𝐺 (𝛼).

Consequently,
IFTB(𝐺) ≤ IFTL(𝐺) ≤ 2 IFTB(𝐺)

and
IFTW(𝐺) ≤ IFTD(𝐺).

Proof. Let 𝐻 be a finite graph. For every nonempty vertex set 𝑋 having finite diameter, choosing any
vertex of 𝑋 as a center gives

rad𝐻 (𝑋) ≤ diam𝐻 (𝑋).
Conversely, if 𝑋 has finite radius and 𝑐 is a center attaining rad𝐻 (𝑋), then the triangle inequality gives

𝑑𝐻 (𝑢, 𝑣) ≤ 𝑑𝐻 (𝑢, 𝑐) + 𝑑𝐻 (𝑐, 𝑣) ≤ 2 rad𝐻 (𝑋)

for all 𝑢, 𝑣 ∈ 𝑋 . Hence
diam𝐻 (𝑋) ≤ 2 rad𝐻 (𝑋).

A componentwise tree-decomposition shows that both tl(𝐻) and tb(𝐻) are finite. Let Tℓ attain
tl(𝐻). Every bag of Tℓ has finite diameter, so

breadth𝐻 (Tℓ) ≤ len𝐻 (Tℓ) = tl(𝐻).

Therefore
tb(𝐻) ≤ tl(𝐻).

Likewise, let T𝑏 attain tb(𝐻). Every bag of T𝑏 has finite radius, and hence

len𝐻 (T𝑏) ≤ 2 breadth𝐻 (T𝑏) = 2 tb(𝐻).

Thus
tl(𝐻) ≤ 2 tb(𝐻).

For the width–depth relation, let 𝐻 be nonempty and let 𝐹 be a rooted forest of height ℎ such that

𝐻 ⊆ clos(𝐹).
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For each 𝑥 ∈ 𝑉 (𝐹), let 𝑋𝑥 consist of 𝑥 together with all ancestors of 𝑥 in 𝐹. After joining the com-
ponents of 𝐹 by arbitrary edges between their roots, these bags form a tree-decomposition of clos(𝐹):
every ancestor–descendant edge is contained in the bag indexed by its deeper endpoint, and the bags
containing a fixed vertex form the subtree induced by its descendants. Since |𝑋𝑥 | ≤ ℎ for every 𝑥, this
decomposition has width at most ℎ − 1. By subgraph monotonicity,

tw(𝐻) ≤ ℎ − 1.

Minimizing over all rooted forests witnessing td(𝐻) yields

tw(𝐻) ≤ td(𝐻) − 1 ≤ td(𝐻).

For the empty graph, both parameters are 0 by convention. Applying these inequalities to 𝐻 = 𝐺𝛼

proves the pointwise profile inequalities. Integrating them over [0, 1] gives the corresponding inequal-
ities for the integrated parameters. □

Theorem 4.5 (Crisp Reduction). Let 𝐺 = (𝑉, 𝐸) be a finite simple graph and let 𝐺 be its crisp fuzzy
representation defined by

𝜎(𝑣) = 1 (𝑣 ∈ 𝑉)
and

𝜇(𝑢𝑣) =
{

1, 𝑢𝑣 ∈ 𝐸,
0, 𝑢𝑣 ∉ 𝐸.

Then, for every 𝛼 ∈ (0, 1],
𝐺𝛼 = 𝐺.

Consequently,
IFTW(𝐺) = tw(𝐺),
IFTL(𝐺) = tl(𝐺),
IFTD(𝐺) = td(𝐺),

and
IFTB(𝐺) = tb(𝐺).

Proof. For every 𝛼 ∈ (0, 1], all vertices satisfy 𝜎(𝑣) ≥ 𝛼, while an unordered pair 𝑢𝑣 satisfies 𝜇(𝑢𝑣) ≥
𝛼 if and only if 𝑢𝑣 ∈ 𝐸 . Hence 𝐺𝛼 = 𝐺 for every 𝛼 ∈ (0, 1]. Each profile is therefore constant on
(0, 1] and equal to the corresponding classical graph parameter. Integrating a constant function over
an interval of length one yields the four stated identities. □

Remark 4.6. The alpha-cut construction and the fuzzy-bag construction of Fuzzy Tree-Width encode
different information. The former studies the complete family of crisp threshold graphs {𝐺𝛼}𝛼∈(0,1] ,
whereas the latter places membership values directly inside the bags of a fuzzy tree-decomposition.
Accordingly, IFTW should be interpreted as an integrated alpha-cut parameter rather than as a replace-
ment for previously defined fuzzy-bag Tree-Width.

5. Connections with Fuzzy Decision Trees
A Fuzzy Decision Tree uses fuzzy branch-membership degrees for classification or inference [36].

Its operational depth, measured by the number of internal test nodes on a longest root-to-terminal path,
differs from the graph-theoretic Tree-Depth of its underlying undirected tree.

We first construct a fuzzy graph on test-node occurrences for which the alpha-cut parameters admit
exact expressions.
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Definition 5.1 (Normalized Product-Routing Fuzzy Decision Tree). Let D be a finite rooted decision
tree with nonempty set 𝑁 of internal test nodes, root 𝑟 ∈ 𝑁 , and terminal output leaves.

Let X be a nonempty finite input set, with weights 𝜋𝑥 ≥ 0 satisfying∑
𝑥∈X

𝜋𝑥 = 1.

For every arc 𝑡 → 𝑐 leaving an internal test node, suppose that a branch-membership function

𝑞𝑡,𝑐 : X −→ [0, 1]

is specified and satisfies ∑
𝑐: 𝑡→𝑐

𝑞𝑡,𝑐 (𝑥) = 1 (𝑡 ∈ 𝑁, 𝑥 ∈ X).

For 𝑡 ∈ 𝑁 , set
𝑤𝑡 (𝑥) =

∏
(𝑢→𝑣)∈𝑃(𝑟,𝑡)

𝑞𝑢,𝑣 (𝑥),

and
𝑎𝑡 =

∑
𝑥∈X

𝜋𝑥𝑤𝑡 (𝑥),

where 𝑃(𝑟, 𝑡) is the set of arcs on the unique directed path from 𝑟 to 𝑡, and the empty product equals 1.
We call 𝑎𝑡 the average activation degree of test node 𝑡.
The rooted tree induced on 𝑁 byD is denoted by 𝐹, and 𝑑 = ℎ(𝐹) counts internal test nodes, rather

than arcs, on a longest root-to-test-node path.

Definition 5.2 (Decision-Tree-Induced Fuzzy Graph). With the notation above, define

𝐻D = (𝑁, 𝜎D , 𝜇D), 𝜎D (𝑡) = 𝑎𝑡 ,

and, for distinct 𝑠, 𝑡 ∈ 𝑁 ,

𝜇D (𝑠𝑡) =

𝑎𝑡 , if 𝑠 is an ancestor of 𝑡 in 𝐹,
𝑎𝑠, if 𝑡 is an ancestor of 𝑠 in 𝐹,
0, otherwise.

Here, vertices represent test-node occurrences; different nodes may test the same original input
feature.

Theorem 5.3 (Exact Width–Depth Relations for a Fuzzy Decision Tree). The graph 𝐻D is a well-
defined finite fuzzy graph.

Let
𝑁 𝑗 = {𝑡 ∈ 𝑁 : depth𝐹 (𝑡) = 𝑗},

and
𝑚 𝑗 = max

𝑡∈𝑁 𝑗

𝑎𝑡 (1 ≤ 𝑗 ≤ 𝑑),

where the root has depth 1.
Then

IFTD(𝐻D) =
𝑑∑
𝑗=1

𝑚 𝑗 ,
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and

IFTW(𝐻D) =
𝑑∑
𝑗=2

𝑚 𝑗 .

In particular,
IFTW(𝐻D) = IFTD(𝐻D) − 1.

Proof. The root has 𝑎𝑟 = 1.
If 𝑠 is an ancestor of 𝑡, then 𝑤𝑡 (𝑥) ≤ 𝑤𝑠 (𝑥) for every input 𝑥 because each branch grade lies in

[0, 1].
Hence 𝑎𝑡 ≤ 𝑎𝑠, and the membership compatibility condition

𝜇D (𝑠𝑡) ≤ min{𝑎𝑠, 𝑎𝑡}

holds.
Fix 𝛼 ∈ (0, 1] and let

𝑁𝛼 = {𝑡 ∈ 𝑁 : 𝑎𝑡 ≥ 𝛼}.
The set 𝑁𝛼 contains the root and is closed under taking ancestors.
Consequently,

𝐹𝛼 = 𝐹 [𝑁𝛼]
is a rooted tree, and the definition of 𝜇D gives

(𝐻D)𝛼 = clos(𝐹𝛼).

Write ℎ𝛼 = ℎ(𝐹𝛼).
A longest ancestor chain is a clique of size ℎ𝛼 in this closure, so

td((𝐻D)𝛼) ≥ ℎ𝛼,

and
tw((𝐻D)𝛼) ≥ ℎ𝛼 − 1.

The forest 𝐹𝛼 witnesses the reverse Tree-Depth inequality.
Moreover, the bags consisting of each node together with its ancestors form a tree-decomposition

of width at most ℎ𝛼 − 1.
Thus

td((𝐻D)𝛼) = ℎ𝛼,
and

tw((𝐻D)𝛼) = ℎ𝛼 − 1.

By ancestor monotonicity, a node at depth 𝑗 survives the cut if and only if its activation is at least
𝛼.

Hence

ℎ𝛼 =
𝑑∑
𝑗=1

1{𝑚 𝑗≥𝛼} .

Integrating over 𝛼 ∈ [0, 1] yields

IFTD(𝐻D) =
𝑑∑
𝑗=1

𝑚 𝑗 .
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Since 𝑚1 = 𝑎𝑟 = 1, the identity
IFTW = IFTD−1

gives the remaining formula. □

Corollary 5.4 (Soft Path-Length Bounds). For the soft path-length functional

𝐶soft(D) =
∑
𝑡∈𝑁

𝑎𝑡 ,

one has
1 ≤ IFTD(𝐻D) ≤ 𝐶soft(D) ≤ 𝑑.

Proof. The first inequality follows from 𝑚1 = 1.
For every level 𝑗 ,

𝑚 𝑗 ≤
∑
𝑡∈𝑁 𝑗

𝑎𝑡 ,

so summing gives the second inequality.
The normalized branch grades ensure that the total activation∑

𝑡∈𝑁 𝑗

𝑤𝑡 (𝑥)

of test nodes at each level is at most 1.
Averaging over 𝑥 gives ∑

𝑡∈𝑁 𝑗

𝑎𝑡 ≤ 1.

Summing over at most 𝑑 levels proves

𝐶soft(D) ≤ 𝑑.

□

Example 5.5 (A Two-Level Fuzzy Decision Tree). Suppose that the root test node 𝑟 has two test-node
children 𝑏, 𝑐, with constant routing grades 0.7 and 0.3, respectively, and that 𝑏 and 𝑐 lead directly to
terminal outputs.

Then
𝑎𝑟 = 1, 𝑎𝑏 = 0.7, 𝑎𝑐 = 0.3,

and
𝜇D (𝑟𝑏) = 0.7, 𝜇D (𝑟𝑐) = 0.3, 𝜇D (𝑏𝑐) = 0.

Here 𝑚1 = 1, 𝑚2 = 0.7, and 𝑑 = 2.
Thus

IFTD(𝐻D) = 1.7,

and
IFTW(𝐻D) = 0.7,

while
𝐶soft(D) = 2.
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Remark 5.6. The preceding construction applies to normalized product-routing Fuzzy Decision Trees;
other fuzzy routing conventions need not satisfy the soft path-length bound.

The graph is defined on test-node occurrences, not on distinct features.
Consequently, these identities do not provide a bound on predictive accuracy, learning complexity,

or the evaluation cost of implementations that activate several branches simultaneously.

Definition 5.7 (Feature-Interaction-Compatible Forest). Let 𝐺 = (𝑉, 𝜎, 𝜇) be a finite fuzzy graph and
let

𝐺+ = (𝑉+, 𝐸+)
be its support graph.

A rooted forest 𝐹 on 𝑉+ is called feature-interaction-compatible if

𝐺+ ⊆ clos(𝐹).

For 𝛼 ∈ (0, 1], let 𝐹 |𝑉𝛼 denote the rooted forest on 𝑉𝛼 obtained by linking each retained vertex to
its nearest retained ancestor, if one exists.

Set ℎ(∅) = 0.

Theorem 5.8 (Bounds for Compatible Feature Hierarchies). Let 𝐺 be a finite fuzzy graph, and let 𝐹 be
a rooted forest satisfying 𝐺+ ⊆ clos(𝐹). Put

𝑠max = max
(
{𝜎(𝑣) : 𝑣 ∈ 𝑉} ∪ {0}

)
.

For every 𝛼 ∈ (0, 1],
FTD𝐺 (𝛼) ≤ ℎ(𝐹 |𝑉𝛼),

and
FTW𝐺 (𝛼) ≤ ℎ(𝐹 |𝑉𝛼) − 1{𝑉𝛼≠∅} .

Consequently,

IFTD(𝐺) ≤
∫ 1

0
ℎ(𝐹 |𝑉𝛼) 𝑑𝛼 ≤ 𝑠maxℎ(𝐹),

and
IFTW(𝐺) ≤

∫ 1

0
ℎ(𝐹 |𝑉𝛼) 𝑑𝛼 − 𝑠max.

Proof. Each edge of 𝐺𝛼 is an edge of 𝐺+, so its endpoints are ancestor-comparable in 𝐹.
Deleting vertices outside 𝑉𝛼 and reconnecting retained vertices to their nearest retained ancestors

preserves this comparability.
Hence

𝐺𝛼 ⊆ clos(𝐹 |𝑉𝛼).
The definition of Tree-Depth gives the first pointwise inequality.
The canonical ancestor-bag decomposition gives the second, with the empty-graph convention ac-

counting for the indicator.
Furthermore, 𝐹 |𝑉𝛼 has height at most ℎ(𝐹) and is empty when 𝛼 > 𝑠max.
Integrating the pointwise inequalities and using∫ 1

0
1{𝑉𝛼≠∅} 𝑑𝛼 = 𝑠max

proves the assertions. □
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Remark 5.9. If the forest 𝐹 is interpreted as the hierarchy of feature tests in a decisionmodel, its vertices
must represent distinct features, or else the model must explicitly distinguish repeated test occurrences.

Compatibility is a structural restriction and does not imply that a given target classifier can be
represented by that hierarchy without additional assumptions.

Theorem 5.10 (Integrated Width–Depth Gap). For every finite fuzzy graph 𝐺 = (𝑉, 𝜎, 𝜇), let

𝑠max = max
(
{𝜎(𝑣) : 𝑣 ∈ 𝑉} ∪ {0}

)
.

Then
IFTW(𝐺) ≤ IFTD(𝐺) − 𝑠max.

Proof. For every nonempty finite graph 𝐻,

tw(𝐻) ≤ td(𝐻) − 1;

for the empty graph both parameters are 0.
Applying this to 𝐺𝛼 yields

tw(𝐺𝛼) ≤ td(𝐺𝛼) − 1{𝑉𝛼≠∅} .

The set 𝑉𝛼 is nonempty exactly when

0 < 𝛼 ≤ 𝑠max.

Integrating proves the claim. □

Remark 5.11. There is no converse bound on Tree-Depth depending only on Tree-Width.
For example,

tw(𝑃𝑛) = 1, td(𝑃𝑛) = ⌈log2(𝑛 + 1)⌉ (𝑛 ≥ 2).
By crisp reduction, the same distinction applies to the integrated alpha-cut parameters.
Thus a small Fuzzy Tree-Width alone does not guarantee a uniformly shallow feature-testing hier-

archy.

6. Conclusion
We developed an alpha-cut framework for Tree-Width, Tree-Length, Tree-Depth, and Tree-Breadth

on finite undirected fuzzy graphs. By applying each classical parameter to the positive 𝛼-cut graphs, we
obtained threshold profiles and integrated summaries that retain information about membership levels
beyond that contained in the support graph. All four profiles are bounded step functions, and their
integrals admit exact finite-sum representations. We also established crisp reduction and proved that
Tree-Width and Tree-Depth are nonincreasing as the threshold increases. For the metric parameters,
we obtained

IFTB(𝐺) ≤ IFTL(𝐺) ≤ 2 IFTB(𝐺).
Moreover, writing

𝑠max = max
(
{𝜎(𝑣) : 𝑣 ∈ 𝑉} ∪ {0}

)
,

we strengthened the width–depth relation to

IFTW(𝐺) ≤ IFTD(𝐺) − 𝑠max.

We further connected these graph parameters with a specified class of Fuzzy Decision Trees. For
a normalized product-routing tree, the fuzzy graph induced by test-node activations and ancestor rela-
tionships satisfies

IFTD(𝐻D) =
𝑑∑
𝑗=1

𝑚 𝑗 , IFTW(𝐻D) =
𝑑∑
𝑗=2

𝑚 𝑗 ,
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where 𝑚 𝑗 is the maximum average activation at test-node level 𝑗 . In particular,

IFTW(𝐻D) = IFTD(𝐻D) − 1.

We also bounded integrated depth by the soft path-length functional and obtained structural bounds
from feature-interaction-compatible rooted forests. These statements concern the specific graph con-
structions and do not identify graph-theoretic Tree-Depth with a decision tree’s operational depth in
general.

The proposed quantities are integrated alpha-cut parameters, not replacements for existing fuzzy-
bag definitions. The present work is theoretical; no predictive-performance guarantees or general-
purpose learning algorithms are established. Further researchmay investigate algorithms for computing
the integrated parameters, additional properties of fuzzy decision-tree representations, and extensions to
Neutrosophic Graphs [13, 42], Plithogenic Graphs [43], HyperGraphs [44, 45], and SuperHyperGraphs
[46].
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